Abstract. -For Γ = Z p , Iwasawa was the first to construct Γ-extensions over number fields with arbitrarily large µ-invariants. In this work, we investigate other uniform pro-p groups which are realizable as Galois groups of towers of number fields with arbitrarily large µ-invariant. For instance, we prove that this is the case if p is a regular prime and Γ is a uniform pro-p group admitting a fixed-point-free automorphism of odd order dividing p − 1. Both in Iwasawa's work, and in the present one, the size of the µ-invariant appears to be intimately related to the existence of primes that split completely in the tower.
open subgroup of Gl k (Z p ). The idea of studying pro-p towers equipped with a fixedpoint-free action of a finite group of order prime to p occurs also in Boston's papers [2] and [3] .
Our work raises the following purely group-theoretical question.
Question 0.5. -Let Γ be a nilpotent uniform pro-p group. Does there exist a uniform nilpotent pro-p group Γ ′ having a fixed-point-free automorphism of prime order ℓ = p such that Γ ′ ։ Γ ?
A positive answer to this question would imply that for all nilpotent uniform pro-p groups Γ, there exist arithmetic realizations with arbitrarily large µ-invariant.
In his recent work [12] , Gras gave some conjectures about the p-adic regulator in a fixed number field K when p varies. In our context, one obtains: In another direction, a conjecture in the spirit of the heuristics of Cohen-Lenstra concerning the p-rationality of the families F G of number fields K Galois over Q, all having Galois group isomorphic to a single finite group G, seems to be reasonable (see [31] ). When the prime p ∤ |G|, the philosophy here is that the density of p-rational number fields in F G is positive. This type of heuristic lends further evidence for conjecture 0.1.
Notations
Let G be a finitely generated pro-p group. For two elements x, y of G , we denote by Denote by (G n ) the p-central descending series of G : -Two standard references concerning p-adic analytic and in particular, uniform, pro-p groups are the long article of Lazard [25] and the book of Dixon, Du Sautoy, Mann and Segal [8] .
Let Γ be an analytic pro-p group: we can think of Γ as a closed subgroup of Gl m (Z p ) for a certain integer m. The group Γ is said powerful if [Γ, Γ] ⊂ Γ p ([Γ, Γ] ⊂ Γ 4 when p = 2); a powerful pro-p group Γ is said uniform if it has no torsion. Let us recall two important facts. 
. For more details, we refer the reader to Howson [19] and Venjakob [34] .
Remark 1.5. -One has µ(X ) ≥ r(X ) and, r(X ) = 0 if and only if µ(X ) = 0.
There is a large and growing literature on the study of Z p [[Γ] ]-modules in the context of Iwasawa theory. We recall a result of Perbet [30] , where, by making use of the work of Harris [17] , Venjakob [34] and Coates-Schneider-Sujatha [5] , among others, he manages to estimate the size of the coinvariants (X Γn ) n of X . Recall that X Γn is the largest quotient of X on which Γ n , the nth element of the p-central series, acts trivially. 
We now turn to applying these formulas in the arithmetic context.
1.1.2.
Arithmetic. -Let L/K be a Galois extension of number fields with Galois group Γ, where Γ is a uniform pro-p group. We assume that the set of primes of K ramified in L/K is finite. Let (Γ n ) n be the p-central descending series of Γ and put K n := L Γn for the corresponding tower of fixed fields. Now let X be the projective limit along L/K of the p-class group A(K n ) of the fields K n . Then, X is a finitely generated torsion Z p [[Γ]]-module. For the remainder of this work, X will denote this module built up from the p-class groups of the intermediate number fields in L/K. In particular, we put µ L/K = µ(X ) and r L/K = r(X ). For this module, by classical descent, Perbet proved: Theorem 1.7 (Perbet [30] ). -For n ≫ 0, one has:
and
One then obtains immediately the following corollary:
At this point, we should recall some standard facts from commutative Iawasawa theory. First, for the cyclotomic Z p -extension, Iwasawa conjectured that the µ-invariant is 0 for all base fields, and this has been shown to be the case when the based field is abelian over Q. When the base field K contains a primitive pth root of unity, the reflection principle allows one to give some estimates on the µ-invariant [30] .
1.2.
On the p-rational number fields. -A number field K is called p-rational if the Galois group G Sp of the maximal pro-p-extension of K unramified outside p is pro-p free. From the extensive literature on p-rational fields, we refer in particular to Jaulent-Nguyen Quang Do [22] , Movahhedi-Nguyen Quang Do [27] , Movahhedi [28] , and Gras-Jaulent [14] . A good general reference is the book of Gras [11] . Definition 1.9. -If G is a pro-p group, let us denote by T (G ) the torsion of
A standard argument in pro-p group theory shows the following:
Proof. -Indeed, the exact sequence 0 −→ Z/pZ −→ Q/Z −→ Q/Z −→ 0 gives the se-
and to conclude, recall that
where d is the p-rank of G . This observation shows in particular that if the group G corresponds to the Galois group of a pro-p extension of number fields, then necessarily this extension is wildly ramified.
We now explain how the Schur multiplier of G S is related to the Leopoldt Conjecture. Proof. -For the case of restricted ramification, see [26] . For the general case, see [ 
1.3. Genus Theory. -The literature on Genus Theory is rich. The book of Gras [11, Chapter IV, §4] is a good source for its modern aspects. All we will need in this work is the following simplified version of the main result.
Theorem 1.19 (Genus Theory). -Let F/K be a Galois degree p extension of number fields L/K. Let S be the set of places of K ramified in F/K (including the infinite places). Then
We will also need the following elementary fact, whose proof we leave to the reader. 
Background on automorphisms of pro-p groups
For this section, our main reference is the book of Ribes and Zalesskii [32, Chapter 2 and Chapter 4]. If Γ is a finitely generated pro-p group, denote by Aut(Γ) the group of continuous automorphisms of Γ. Recall that the kernel of
Fixed points. -
Definition 2.1. -Let Γ be a finitely generated pro-p group and let σ ∈ Aut(Γ). Put Fix(Γ, σ) := {x ∈ Γ : σ(x) = x}.
n ) with equality when n is co-prime to the order of σ. In others words, ∆ is fixed-point-free if and only if, for all non-trivial σ ∈ ∆, Γ σ is fixed-point-free.
Remark 2.4. -Clearly if Γ
σ is fixed-point-free then Γ σ is fixed-point-free; it is an equivalence when σ is of prime order ℓ.
We are interested in instances of groups with fixed-point-free action that arise in arithmetic contexts. Let us recall the Schur-Zassenhaus Theorem for a profinite group G : Proof. -See Theorem 2.3.15 of [32] or proposition 1.1 of [10] .
As first consequence, one has the following: Proposition 2.6. -Let Γ be a finitely generated pro-p group and let
is fixed-point-free, where we recall that Γ 2 , the 2nd step in the p-central series of Γ, is the Frattini subgroup.
Proof. -Let σ ∈ ∆. The group σ acts on Γ, on Γ 2 and on Γ/Γ 2 . By the SchurZassenhaus Theorem (applied to Γ 2 ⋊ σ ), the non-abelian cohomology group H 1 ( σ , Γ 2 ) is trivial and then the nonabelian cohomology of the exact sequence 1 −→ Γ −→ Γ ⋊ σ −→ σ −→ 1 allows us to obtain:
which is exactly the assertion of the Proposition. See also [4] , [15] , [35] .
A main observation for our paper is the converse of the previous proposition when Γ is uniform:
Proof. -One direction is taken care of by Proposition 2.6. For the other direction, we first note that
σ is fixed-point-free for all n ≥ 1. Suppose y ∈ Γ satisfies σ(y) = y. As the action of Γ/Γ 2 is fixed-point-free, we have y(modΓ 2 ) ∈ Γ/Γ 2 is trivial, so y ∈ Γ 2 . Continuing in this way, we in fact conclude that y ∈ n Γ n = {e}. We need also of the following proposition which will be crucial for our main result.
Proposition 2.11. -Let Γ be a finitely generated pro-p group. Let σ and τ be two elements in
One needs the following lemma:
Lemma 2.12.
-Let Γ be a finitely generated pro-p group. Let σ and τ be two elements of
Proof.
-This is to be found in Lemma 3.1 of [18] . Since σ and τ coincide as elements of Aut(Γ/Γ 2 ), there exists γ in the pro-p group ker Aut(Γ) → Aut(Γ/Γ 2 ) such that
, τ, γ is a semi-direct product of a pro-p-group and a group of order m. As τ and σ are both in τ, γ , the subgroups τ and σ are conjugate to each other (by the Schur-Zassenahus Theorem 2.5): there exists g ∈ γ, γ τ , · · · , γ
such that τ k = σ g for a certain integer k, (k, m) = 1, since σ and τ have the same order. Moreover, in Γ/Γ 2 , τ k = σ g = σ = τ , and so we can take k = 1.
Proof of Proposition 2.11. -By the previous lemma, τ = σ g , for some g in Aut(Γ). Moreover, σΓ 2 = τ Γ 2 implies that g induces the trivial automorphism of Γ/Γ 2 . We have that y is a fixed point of τ if and only if g(y) is a fixed point of σ.
2.2.
Lifts. -Given a uniform pro-p group Γ equipped with an automorphism σ of order m prime to p, the central question of this subsection is to realize Γ ⋊ σ as a Galois extension over a number field.
Proposition 2.13. -Let F be a free pro-p-group on d generators, and let
Proof. -First of all the natural map g F : Aut(F) → Aut(F/F 2 ) is onto (Proposition 4.5.4 of [32] ). Put ∆ = g −1 F (∆) and recall that ker(g F ) is a pro-p group. Then, ∆ ≃ ∆/ker(g F ) which has order co-prime to p. By the Schur-Zassenhaus Theorem 2.5, there exists a subgroup ∆ 0 ⊂ Aut(F), such that (∆ 0 kerg F )/ker(g F ) ≃ ∆. Moreover, two such subgroups are conjugate to each other.
In fact, one needs a little bit more. The following proposition can be found in a recent paper of Greenberg [15] and partially in an unpublished paper of Wingberg [35] . 
Since this result is essential for our construction, we include a proof. 
is a pro-p group and (ii) ∆/ker( f ) ≃ ∆ which has order co-prime to p. By the SchurZassenhaus Theorem 2.5, there exists ∆ 0 ⊂ Aut R (F) such that ∆ 0 ∩ ker( f), i.e. f (∆ 0 ) = ∆ and we are done.
Proof of Proposition 2.14. -As d ′ ≥ d, let ϕ be a surjective morphism F ։ Γ. Put R = ker(ϕ). As p ∤ m, the action of ∆ on F/F 2 is semi-simple. Let us complete the
is generated by an F p -basis of M. By Lemma 2.15, there exists ∆ 0 ⊂ Aut R (F) isomorphic to ∆, such that the morphism ϕ : F ։ Γ ′ is a ∆ 0 -morphism. By Proposition 2.13, there exists g ∈ Aut(Γ) such that ∆ 0 = ∆ g . We note that ∆ 0 ⊂ Aut R (F) is equivalent to ∆ ⊂ Aut g(R) (F). Then we take N = g(R), g(M) and observe that F/N is ∆-isomorphic to Γ.
Frobenius groups. -
We now review a group-theoretic notion that we need for our study of the µ-invariant. Definition 2.16. -Let G be a profinite group. One says that G is a Frobenius group if G = Γ ⋊ ∆, where Γ is a finitely generated pro-p group, ∆ is of order m co-prime to p, and such that the conjugation action of ∆ on Γ is fixed-point-free.
The notion of a Frobenius group is a very restrictive one, as illustrated in the following Theorem: Proof. -It is a consequence of Proposition 2.7.
Proof of the main result
Let us recall the motivating question of this paper. Given a uniform group Γ of dimension d, equipped with a fixed-point-free automorphism of finite order co-prime to p, can one realize an arithmetic context for Γ as Galois group with arbitrarily large associated µ-invariant?
3.1. The principle. -Here we develop our strategy. Given a uniform pro-p group Γ, the key task is to produce an extension L of a number field K with Galois group isomorphic to Γ such that (i) there are only finitely many primes that are ramified in L/K; (ii) there exist infinitely many primes of K that split completely in L/K. To produce such a situation, we realize Γ, along with its fixed-point-free automorphism, inside the maximal pro-p extension K Sp /K of a p-rational field K; in particular the condition (i) will be automatically satisfied in our situation.
Proposition 3.1. -Suppose Γ is a uniform pro-p group and L is a Galois extension of a number field K such that Gal(L/K) is isomorphic to Γ and the following conditions hold: (i) there are only finitely many primes that are ramified in L/K; (ii) there exist infinitely many primes of K that split completely in L/K. Then there exist Γ-extensions of number fields with arbitrarily large associated µ-invariant.
Proof. -Since only finitely many primes of Q ramify in K, a field of finite degree over Q, the set S 0 of primes of K which split completely in L and are neither divisors of p nor ramified over Q is infinite. Fix a finite subset S of S 0 of any prescribed order. Let ℓ 1 , . . . , ℓ n be the residue characteristics of the primes in S. Let F/Q a cyclic degree p extension, described in Proposition 1.20, which is ramified at each of these ℓ i . Then LF/KF is Galois extension of group isomorphic to Γ. Put K n = L Γn and F n := FK n . Then by applying Theorem 1.19 in F n /K n , one obtains
One conclude with Corollary 1.8, thanks to the fact that S can be arbitrarily large.
3.2.
The case Γ = Z p . -We now review the strategy of [21] (see also [33, §4.5]) for finding arithmetic situations with large µ-invariant. Let K/Q be an imaginary quadratic field. Let us denote by σ the generator of Gal(K/Q). Suppose p is a rational prime which splits in O K into two distinct primes p 1 and p 2 . Let us suppose further that p does not divide the class number of K. Then for i = 1, 2, the maximal pro-p extension K {p i } of K unramified outside p i has Galois group Γ i isomorphic to Z p . The automorphism σ permutes the fields K {p i } . Thus inside the compositum of these two Z p -extensions, if we denote by e i the subgroup fixing the field K {p i } , then the subfield L fixed by e 1 + e 2 is Galois over Q with Galois group isomorphic to Z p , and the action σ(e 1 ) = e 2 ≡ −e 1 (mod e 1 + e 2 ) is dihedral.
Corollary 3.2. -Under the preceding conditions, Gal(L
, where the action of σ satisfies
generator of Gal(L/K). Thus, all primes ℓ of Q which remain inert in K/Q subsequently split completely in L/K.
Proof. -The first part of the corollary follows from the observations preceding it. For the second part, remark that the non-trivial cyclic subgroups of Gal(L/Q) are of the form x p k ≃ Z p , k ∈ N , or of the form σx p k ≃ Z/2Z. Hence let ℓ be a prime which is unramified in L/Q. If ℓ is inert in K/Q, then the Frobenius automorphism σ ℓ of ℓ in L/Q is of the form σx p k . As σ ℓ is of order 2 (or equivalently, σ ℓ ∩ Gal(L/K) = {e}), the prime ℓ splits totally in L/K. By applying Proposition 3.1 to the extension L/Q, this construction allows us to produce Z p -extensions with µ-invariant as large as desired. 
If we write σ L = ae 1 + be 2 , then by conjugation, σ L ′ = be 1 + ae 2 . The key point is that the maximal pro-p extension of K unramified outside p and totally split at L and L ′ is finite, see [11] . Then a 2 = b 2 . Note that when ℓ is inert in K/Q then σ ℓ = a(e 1 + be 2 ). By reducing the Frobenius modulo e 1 + e 2 , we note that in the case when ℓ is inert, σ ℓ ≡ 0 (mod e 1 + e 2 ) but when ℓ splits in K/Q, σ L ≡ (a − b)e 1 (mod e 1 + e 2 ) = 0 (mod e 1 + e 2 ). Remark 3.5. -We observe that the basic principle in the constructions above is that there is a positive density of primes of a field K 0 which are inert in K, and that all of these subsequently split (thanks to the fact that the action Γ σ is fixed-point-free) in the Γ-extension. This is the starting point for the general case. Proof. -The extension K/K 0 is cyclic of degree m and the number field K is p-rational: put Gal(K/K 0 ) = σ and F := Gal(K Sp /K). The extension K Sp /K 0 is a Galois extension of group G isomorphic to F ⋊ σ . By Proposition 1.18, the character of the action of
, then necessarily, the τ -module Γ/Γ 2 is isomorphic to a submodule of F/F 2 . By Proposition 2.14, there exists a normal subgroup N of F, stable under σ, such that G ։ Γ ⋊ σ ≃ Γ ⋊ τ .
We now state the key arithmetic proposition we need. Proof. -Let p a prime of K inert in K/K 0 which is not ramified in L/K. Let us fix a prime P|p of L (see P as a system of coherent primes in L/K). Denote by σ p be the Frobenius of p in K/K 0 and let σ P ∈ Gal(L/K 0 ) be an element of order m of the decomposition group of P in L/K 0 lifting σ p . Then σ P = σ i in Aut(Γ/Γ 2 ), for an integer i, (i, m) = 1. By Proposition 2.11, there exists g ∈ ker Aut(Γ) → Aut(Γ/Γ 2 ) such that Fix(Γ, σ P ) = g · Fix(Γ, σ i ) = {e}, the last equality coming from Remark 2.2. Let σ P := Frob P (L/K). As p ∈ Σ, the prime P is unramified in K/K 0 and then the decomposition group of P in L/K 0 is cyclic: the elements σ P and σ P commute or, equivalently, σ P σ P = σ P . Hence if σ P = e, the element σ P ∈ Aut(Γ) has a fixed-point. Contradiction, and then σ P = e. 
Proof. -By Proposition 3.6, once we let K 0 and K by the nth layer of the cyclotomic
, we are guaranteed of the existence of a Galois extension L/K 0 with Galois group isomorphic to Γ ⋊ τ and K = L Γ . By Proposition 3.7, every inert places in K/K 0 splits completely in L/K. To finish, we apply the construction of Proposition 3.1.
Remark 3.9. -Let us remark that in the construction of Theorem 3.8 (in fact of Proposition 3.1), we start with a p-rational field K but its cyclic degree p extension F with many ramified primes is not p-rational. Indeed as |S| → ∞ and the extension F/K is ramified at every place of S, the extension F/K is not primitively ramified when S becomes large. And then the field KF is not p-rational (see [11, Chapter IV, §3] ).
Remark 3.10. -In his original treatment [21] , Iwasawa was able to treat the case p = 2 alongside odd primes p. The elements of finite order of Aut(Z 2 ) are of order 2. Then the Question 0.5 is essential for applying our previous "co-prime to p" strategy for Z 2 . Indeed, let us consider the uniform pro-2 group Γ := Z 
Here the center of Γ(s) is the procyclic group z and one has the sequence: Proof. -To simplify the notation, put Γ = Γ(s). First, let us remark that for a, b ∈ N , one has
and the same holds for xy b .
Let ζ be a primitive third root of the unity and let ζ (n) ∈ N be the truncation at level n of the p-adic expansion of ζ: ζ (n) ≡ ζ(mod p n ). Let us consider σ defined by:
Then σ ∈ Aut(Γ). Indeed one has to show that the relations defining Γ are stable under the action of σ, which is obvious for the relations [x, z] = 1 and [y, z] = 1. Let us look at the last relation. First, as Γ is uniform, let us recall that Γ n+1 = Γ p n . We have:
To finish, let us show that the automorphism σ is fixed-point-free. Indeed the eigenvalues of the action of σ on the F p -vector space Γ/Γ 2 ≃ F 
Proof. -One use the construction of section 3.3. Put K = Q(ζ p n ) where n is the smallest integer such that p n (p − 1) ≥ 2ℓd. Let K/K 0 be the unique cyclic extension of degree ℓ; Gal(K/K 0 ) = σ . Let L/K be a uniform Galois extension with group Γ constructed by the method of Proposition 3.6. Let E (L/K) be the set of conjugacy classes of Gal(K/Q) of the elements σ i with (i, ℓ) = 1. By Proposition 3.7, a prime q of K for which the Frobenius conjugacy class
where C q (K/Q) is the conjugacy class of the Frobenius of q in Gal(K/Q). By using Chebotarev Density Theorem, one concludes that By making use of fixed-point-free automorphisms, we have produced some uniform extensions with infinitely many totally split primes. Using Class Field Theory it is also possible to produce some free-pro-p extensions with some splitting phenomena, but we do not know if it is possible to construct free pro-p extensions in which infinitely many primes of the base field split completely. In fact this question is related to the work of Ihara [20] and the recent work of the authors [16] .
Let us show how to produce some free pro-p extensions with some splitting. Let S and T be two finite sets of places of number field K such that S ∩ T = ∅. Recall that S p = {p ∈ K : p|p}. Let (r 1 , r 2 ) be the signature of K. Let K 
4.4.
Incorporating the Galois action. -We can take these ideas a bit further by studying the Galois action. Throughout this subsection, we fix the following notation and assumptions (we still assume p > 2). Let K 0 be a number field, K/K 0 a cyclic extension of integer m co-prime to p. Put ∆ = Gal(K/K 0 ). Let r = r 1 (K 0 ) + r 2 (K 0 ) be the number of archimedean places of K 0 . Let S and T be two finite sets of places of K 0 such that S ∩ T = ∅ and S contains S p . By abuse of notation, the set of places of K above S and T are again called S and T respectively. Denote by S split (resp. T split ) the set of places of S (resp. of T ) splitting in K/K 0 an by S inert (resp. T inert ) the set of places of S (resp. of T ) not splitting in K/K 0 . As in §1.2, the arithmetic objects of interest have a structure as F p [∆]-modules. We recall the following mirror identity from the book of Gras [ is fixed-point-free, where ∆ = σ .
(ii) By Proposition 4.9, the degree r can be taken arbitrarily large.
As corollary, one obtains: 
4.5.
Some heuristics on p-rationality. -Here we exploit some conjectures on prationality to get further heuristic evidence in direction of Conjecture 0.1. These are of two types. The first is in the spirit of the Leopoldt Conjecture -in a certain sense this is a transcendantal topic; the main reference is the recent work of Gras [12] . The second one is inspired by the heuristics of Cohen-Lenstra [6] . Proof. -Let us take K 0 be a totally imaginary abelian number field of degree n over Q and let K 1 /Q be a degree m cyclic extension with K 0 ∩ K 1 = ∅. Let K = K 0 K 1 be the compositum. Put σ = Gal(K/K 0 ). Under Conjecture 4.13, one knows that for large p depending only on K, the field K is p-rational. One then applies Theorem 3.8.
Example 4.15. -Let us fix s ∈ N and let P be the set of primes p ≡ 1 mod 3. Let Γ(s, p) be the pro-p group Γ(s) of dimension 3 introduced in §4.1. One can apply Proposition 4.14 to the family of groups (Γ(s, p) ) p∈P .
Let us consider another idea for studying p-rationality, in the spirit of the Cohen-Lenstra Heuristics [6] . For a prime number p ≥ 5 and an integer m > 1 not divisible by p, let us consider the family F m (K 0 ) of cyclic extensions of degree m over a fixed p-rational number field K 0 . Following the idea of Pitoun and Varescon [31] , it seems reasonable to make the following conjecture: 
